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Abstract The Merrifield-Simmons index of a graph is defined as the total number
of the independent sets of the graph and the Hosoya index of a graph is defined as
the total number of the matchings of the graph. In this paper, we order a kind of trees
with given number of pendent vertices with respect to Merrifield-Simmons indices
and Hosoya indices.
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1 Introduction

Let G be a graph on n vertices. Two vertices of G are said to be independent if they
are not adjacent in G. A k-independent set of G is a set of k mutually independent
vertices. Denote by i(G, k) the number of the k-independent sets of G. For conve-
nience, we regard the empty vertex set as an independent set. Then i (G, 0) = 1 for
any graph G. The Merrifield-Simmons index of G, denoted by i(G), is defined as
i(G) = X} _oi(G, k). Similarly, two edges of G are said to be independent if they
are not adjacent in G. A k-matching of G is a set of kK mutually independent edges.
Denote by z(G, k) the number of the k-matchings of G. For convenience, we regard
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the empty edge set as a matching. Then z(G, 0) = 1 for any graph G. The Hosoya

index of G, denoted by z(G), is defined as z(G) = ZIEZ]O z(G, k).

The Merrifield-Simmons index was introduced in 1982 by Prodinger and Tichy
[18]. The Merrifield-Simmons index is one of the most popular topological indices in
chemistry, which was extensively studied in a monograph [16]. Now there have been
many papers studying the Merrifield-Simmons index (see [1,8,13-15,17,20,22-25]).
The Hosoya index of a graph was introduced by Hosoya in 1971 [11] and was applied
to correlations with boiling points, entropies, calculated bond orders, as well as for
coding of chemical structures [16,19]. Since then, many authors have investigated
the Hosoya index (e.g., see [3—-10,12,15,19,23-25]). For n-vertex trees, it has been
shown that the path P, has the minimal Merrifield-Simmons index and maximal Ho-
soya index, and the star S, has the maximal Merrifield-Simmons index and minimal
Hosoya index (see [9,18]).

Let 7, x be the set of all trees with n vertices and k pendent vertices. Recently,
Yu and Lv [21] showed that P, (as shown in Fig.1) is the tree with maximal
Merrifield-Simmons indices and minimal Hosoya indices in 7, ;. In [20], Wang etc.
also characterized the trees with the first and second largest Merrifield-Simmons indi-
ces in 7, k. In this article, we order two kinds of the trees in 7, ; with respect to
Merrifield-Simmons indices and Hosoya indices, respectively.

In order to state our results, we introduce some notation and terminology. Other
undefined notation may refer to [2]. f W € V(G), we denote by G — W the subgraph
of G obtained by deleting the vertices of W and the edges incident with them. Sim-
ilarly, if £/ € E(G), we denote by G — E’ the subgraph of G obtained by deleting
the edges of E’. If W = {v} and E’ = {xy}, we write G — v and G — xy instead of
G — {v} and G — {xy}, respectively. In the paper, we always denote by P, the path on
n vertices and by [x] the largest integer no more than x.

2 Some Lemmas

According to the definitions of the Merrifield-Simmons index and Hosoya index, we
immediately get the following results.

Lemma 2.1 Let G be a graph and uv be an edge of G. Then

(1) i(G) = i(G —uv) —i(G = (Ng[u] U Ng[v])),
(2) (see [9]) 2(G) = 2(G —uv) +2(G — {u, v}).

Lemma 2.2 (see [9]) Let v be a vertex of G. Then
(1) i(G) =i(G —v) +i(G — Ng[v)),
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(2) 2(G) = z(G —v) + > z2(G — {u, v}), where the summation extends over all
u

vertices adjacent to v.

In particular, when v is a pendent vertex of G and u is the unique vertex adjacent to
v,wehave i(G) = i(G —v) +i(G — {u, v}) and z(G) = z(G — v) + z2(G — {u, v}).
For example, if G = P,, we geti(P,) = i(Py—1) +i(P,—2) and z(P,) = z(Py—1) +
2(Pp-2).

Lemma 2.3 (see [9]) If Gy, G2, - - - , G; are the components of a graph G, we have

(1) i(G) =TI, i(Gy),
) 2(G) =[]i=; 2(G)).

Lemma 2.4 (see [13]) Let Aj = i(P)i(Py—), then for 1 <1 < [4], A} > A3 >
->A[%] >~-~>A4>A2.

We proved a similar result of Lemma 2.4 for Hosoya indices.

Lemma 2.5 Let Bj = z(P))z(Py—), thenfor 1 <1 <[35], Bl < B3 <--- < By
- < By < By.

3=

Proof By Lemma 2.1(2), we have

By = z(P)z(Pp—1)
= z(Py) — z2(P-1)z(Py—1-1)
= z(Py) — [2(Pr-2) — 2(P-2)z(Py—i-2)]
= z2(Py) — 2(Py—2) + [2(Py—4) — 2(P-3)2(Py—1-3)]
=2(Py) — 2(Pu—2) + 2(Puca) + -+ (=)' 2(Pa_@i—2) + (=)' 2(Pa—2).

It is easy to see

Biy1 — B = (=) z(Py_2-2),
B — B = (=) e(Py_ai—2) + (=) 2(Py_ai—a)
= (D" z2(Pr2—2) — 2(Pu_21-)].

Then if | = 0(mod2),for2 <[ < [%] —1,Bj41— By <0,andfor2 <[ < [%] —
Biio— By < 0.1fl = 1(mod2),for2 <1 < [5]—1, Bj41 — B; > 0,and for2 <[ <
[%] — 2, Bi4+2> — B; > 0. Therefore, B < B3 < --- < B[%] <--- < By < Bs. O

In[21], Yuand Lv defined two kinds of operations of T’ € 7,,  and showed that these
two kinds of operations make the Merrifield-Simmons indices of the trees increase
strictly and the Hosoya indices of the trees decrease strictly. We first introduce the two
operations.

Let P = vovy ... v (k > 1) beapathof atree T. If dr(vg) > 3,dr(vy) = 1 and
dr(vi) =2 (0 <i < k), we call P apendant path of T with root vy and particularly
when k = 1, we call P a pendant edge. For T € 7, , let s(T) be the number of
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vertices in 7" with degree more than 2 and p(7") the number of pendent paths in 7
with length more than 1.

If T % P, xand p(T) > 1,then T can be seen as the tree as shown in Fig. 2, where
P (s > 3) is the pendent path of T with s vertices and root u, 77 and 7 are two
subtrees of T with vertices v and u as roots, respectively, and Ty, T» 2% P;. If T’ is
obtained from T by replacing Py with a pendent edge and replacing the edge uv with
a path P, we say that T’ is obtained from T by Operation I (as shown in Fig.2). It is
easy to see that T’ € 7y,

Fig. 3

Lemma 2.6 ([21]) If T’ is obtained from T by Operation I, then i(T') > i(T) and
2(T") < z(T).

Ifs(T) > 2 and p(T) = 0, then we always can find two pendent vertices u1 and v;
of T suchthatd (uy, vi) = max{d(u,v) : u,v € V(T)}.Letuju,viv € E(T), assume

Nr(u) = {ur,uz, ..., us,w} (s = 2), Nr(v) = {v1, v2, ..., v, w'} (£ > 2), where
Wi, uy, ..., U, v, 2, ..., v are pendent vertices of T.If T/ = T — {vvy, ..., vv )+
{uvy, ...,uv;}and T” = T — {uuy, ..., uus} + {vuy, ..., vus}, we say that T’ and

T" are obtained from T by Operation II (see Fig. 3), respectively. It is easy to see that
T/, T// c 7;1,](

Lemma 2.7 ([21]) If T’ and T" are obtained from T by Operation II, then

(1) either i(T") > i(T) ori(T") > i(T);
(2) either z(T") < z(T) or z(T") < z(T).

3 Main results

Suppose H; and F,, are the trees shown in Fig.4. By symmetry, we may assume
| <n—I1—k+1and m < k —m, which means we can assume 2 <[ < [%] and
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Fig. 4

2§m§[%].For3§k§n—2,wedenote

—k+1
Hn,k=[Hz|2sls[%]—1]

and

k

Recall the definition of s(7") and p(T), itis easy to see that P, x is the unique tree
in 7, with s(T) = 1, p(T) = 1, Hp k is the set of all trees in 7,, ; with s(T') = 1,
p(T) =2 and F, « is the set of all trees in 7, x with s(T) =2, p(T) = 0.

By Lemmas 2.6 and 2.7, we can prove the following result.

Lemma 3.1 Let T be atreein Ty k. If T & {Py.x} U Hn.x U Fnk, there must be a tree
T' € Hp i U Fpi suchthat i(T") > i(T) and z(T") < z(T).

Proof If s(T) > 3, repeatedly using Operation I and II, we can get a tree T’ from T
suchthat 7" € Fp k, i(Pyx) > i(T") > i(T) and z(Py k) < z(T") < z(T).

If s(T) = 1 and p(T) > 2, repeatedly using Operation I, we can get a tree
T" € Hy such that i (P, ) > i(T") > i(T) and z(P, ) < z(T") < z(T).

If s(T) = 2 and p(T) > 1, similarly we can get a tree T’ € F, x from T by
Operation I with i (P ;) > i(T") > i(T), z(Pyx) < z(T') < z(T). This completes
the proof. O

It has been known P,  has the largest Merrifield-Simmons index and least Hosoya
index in 7, . Now we focused on the trees in H,, x U F;, . We first order the trees in

‘H,..x with respect to Merrifield-Simmons indices and Hosoya indices. In [13], Li and
Zhao give the following result.

Lemma 3.2 (see [13]) i(H3) > i(Hs) > - > i(H[#]) >~ ... > i(Hg) >
i(Hy) > i(Hp).

We order the trees in H,, x with respect to Hosoya indices.

Lemma 3.3 z(H3) < z(Hs) < --- < z(H[nkH}) < -+ < z(Hg) < z(Hy) <
-
z(H»).
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Proof Denote n’ =n —k + 1, then

2(Hp) = z(P)lk — Dz(Py—p) + 2(Py——1)] + 2(P—1)z2(Pw—)
= (k = 2)z(P)z(Py—1) + z2(Py11)

Let B = z(P)z(Py—_;). Since k > 3andn’ = n —k + 1, z(H;) < Z(Hj)
if and only if B; < Bj forany 2 < i,j < [%]. By Lemma 2.5, we know

n
2

< Z(Hé) < Z(H4) < Z(H2)~ .

By < --- <B[ 1< < By < B. So z(H3) < z(H5) < --- <Z(H[nk+l]) <
2

Then we order the trees in F, x with respect to Merrifield-Simmons indices and
Hosoya indices.

Lemma34 i(Fp) > i(F3) > --->1 (F[k]), and z(Fp) < z2(F3) < -+ -2 (F[k])
2

2

Proof Since3 <k <n—2,weknown —k >2.If n —k > 4, by Lemmas 2.1, 2.2
and 2.3, we have

i(F) = 2" 257 (Py—k—2) + i (Pu—i=3)] + 25" (Pyi—3) + i (Pa—i—a)]
= 2Ki(Pyck—2) + i (Puc—a) + [27 + 2571 (Py—i—3)
2(Fp) = (m 4+ D[(k —m + D)z(Py—k—2) + 2(Py—x—3)]
+k—m+ Dz(Pyk—3) +2(Py—k—4)
=m+ Dk —m+ Dz(Py—r—2) + (k +2)2(Pp—k—3) + 2(Pu——4)

If n — k = 2, similarly we have i (F,,) = 25 + [2" + 2K, 2(F,,) = (m + 1) (k —
m+ 1)+ 1. And if n — k = 3, we have i (F,,) = 251 + 1 4 [27 + 2k 2(F,,) =
m+ Dk —m+1)+k+2.

Suppose f(m) = 2™ +2k=m and g(m) = (m + 1)(k —m + 1), then from the above
we know that for2 < i, j < [%],

i(F;) > i(F;)ifand only if f(i) > f(j),
and
z(F;) < z(F;) if and only if g(i) < g(j).

It is easy to see that f'(m) = In2[2" — 25~"] < 0 since m < [%] and the equality

holds only if m = &. So if m < [%], then f(m) is a strictly decreasing function.

Thus i(F) > i(F3) > --- > i (F[k]) Also we have g’(m) = k — 2m > 0 and the
3

equality holds only if m = % Soifm < [%], g(m) is a strictly increasing function.

) -

[k

Thus z(F>) < z(F3) < -+-2 (F[
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From Lemmas 3.2, 3.3 and 3.4, we can order the trees in H, x U F, x by Merri-
field-Simmons indices and Hosoya indices, respectively.

Theorem 3.1 (1) Ifk > 4 andn —k > 5, then
i (F[é]) < - <i(F3) <i(Fp) <i(Hy) <i(Hy) <---
oy (H[n,;“]) < <i(Hs) < i(Hy):
() Ifk > Sandn —k > 5, then
b4 (F[é]) > > z2(F3) > 2(F2) > z(H2) > z(Hy) > - -
z (H[gﬂ]) > o> 2(Hs) > z(H3);

(3) Ifk =4andn —k > 7, then
Z(Hy) > z(Fp) > z(Hy) > ---2 (H[,,_lzm]) > .-+ > z(Hs) > z(H3).

Proof (1) By Lemmas 3.2 and 3.4, we only need to show that i (F2) < i(H>) if
k>4andn — k > 5. Since

i(Hy) —i(Fy) =3 x 257 2i(Py_t_1) 4 2i (Py_x—2) — 412K 72 (P, _4_2)
i (Pa—k—3)] — [257 2 (Py—k—3) 4+ i (Poi—4)]
= (3 x 282 —4)i(Pyj—3) — 2872 (Py—g—1) + 2i (Py—g—2)

—i(Pr—k-4)

= 2 = 0)i(Py_k—3) — 272 (Py—g—2) + 2i (Py—k—2)
—i(Py—k-4)

= (2% = 0)i(Py—k—3) — 2" %I (Pu—i—a) + 2i (Py—k—2)
—1(Py—f—4)

= 282 (Py_i—s) — 4i (Pu—i—3) + 2i (Pu—i—2) — i (Py—g—4)
= 28721 (Py—k—s) — 20 (Py—k—3) + i (Py—k—4)

= (22 = Di(Py—k—s) — i(Py—k—3)

= (2% = 3)i(Py—k—5) — i(Pa—k—0)

thenifk >4 andn —k > 5,i(F) <i(H).
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) Ifk>5andn—k >5,

2(F2) — z2(H2) = 3 x (k — Dz(Py—k—2) + (k + 2)2(Py—k—3) + 2(Py—k—4)

—2(k = 2)z(Py—k—1) — 2(Pu—k+2)

= 3kz(Py—k—2)—32(Py—k—2) + (k + 2)2(Ppr—k—3) + 2(Py—k-4)
—2kz(Pp—g—1)+4z(Pp—k—1) — [32(Pyn—k—1) + 22(Py—r-2)]

= 3kz(Pp—k—2)—32(Pp—k—2) + (k + 2)2(Py—k-3) + 2(Py—k—4)
—2kz(Pp—k—1) + 2(Pu—i—1) — 22(Py—r—2)

= kz(Py—k—1) —42(Pp—k—2) + 32(Py—k—3) + 2(Prn—k—4)
—2kz(Pp—k—3)

= kz(Pp—k-4) — 32(Pn——4) — 2(Ppr—k-3)

= (k —4z(Pr—k—a) — 2(Pn—k-5) = 0.

Together with Lemmas 3.3 and 3.4, we can finish the proof.
(3) From the proof of (2), we know if k = 4 andn — k > 7, z(H>) > z(F>). But
then

2(F2) — z(Ha) = 92(Py—6) + 62(Py—7) + 2(Py—8) — 102(Py—7) — 2(Pn—2)
= 52(Pn—5) 4+ 52(Py—6)—102(Py—7)—[32(Pn—5) 4+ 22(Pr_6)]
= 27(Py—s5) + 3z(Py—6) — 10z2(Py—7)
= 5z2(Py—6) — 82(Py—7) = 52(Py—g) — 3z(Py_7)
= 2z2(Py—8) — 32(Pr—9) = 22(Py—10) — 2(Pr—9) = 0.

Together with Lemmas 3.3 and 3.4, we can finish the proof. O

Recall the definition of 'H,, x and F, . It is easy to see that: if k = 3, F,, x = ¥; if
n—k <2, Hyx=90;ifk=3andn —k =2, F,r = Hpr = . Note that if T is
the tree with the second largest Merrifield-Simmons index or the second least Hosoya
index in 7, , then T € H, x or F;, k. So it follows that:

(1) ifk=3,T € Hux;
2) iftn—k<2,TeFuxi;
(3) ifk=3andn —k =2, T does not exist.

Then by Lemma 3.1, we can get the following two results.

Corollary 3.1 Let T be the tree with the second largest Merrifield-Simmons index in
Tok (3 <k <n-—2) then

Hsy,if n—k=>25;
T=ZH,ifk=3and3<n—k<4ork>4andn—k =4,
Fr,if k>4and 2 <n—k <3.

Proof By Lemma3.2,ifk =3andn —k >5,T = Hy;ifk=3and3 <n—k <4,
T = H, (since H; (I > 3) does not existif n — k < 4).
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Ifk>4andn —k=2,thenT = F, by Lemma34.Ifk >4and3 <n —k <4,
by Lemma 3.2 and 3.4, we know 7' = Hj or T = F,. Note that

3x 2k 42kl L9 if n—k=4
2kt 4 k=24 5 if p—k=3.
15x 28246, if n—k=4
O9x2k2 44, if n—k=23.

i(F) = {
i(Hy) = {

Thus weknow T = Hrifk >4andn —k =4, T = F,ifk >4andn —k =3.If
k> 4andn —k > 5, by Theorem 3.1, we know 7" = H3. Proof is completed. O

Corollary 3.2 Let T be the tree with the second least Hosoya index in Ty, i (3 < k <
n —?2), then

H;, if n—k=>5;
T~ H>, ifk=3and3<n—-k<4ork>4andn—k=4
T | Hyor Fh,ifk=4and n —k =4,
F, if k>4and 2 <n—k <3.

Proof By Lemma 3.3, we have if k = 3andn —k > 5, T = H3;if k = 3 and
3<n—k<4,T= H,.

Ifk>4andn —k=2,then T = F> by Lemma3.4.Ifk >4and3 <n —k <4,
by Lemmas 3.3 and 3.4, we know 7' = H; or T = F5. Since

Tk =3, ifn —k =4
Z<F2)_[4k—l,ifn—k:3.

[k + 1 ifn —k =4
2(H2) = [4k, ifn —k = 3.

Thusweknow T = Hyor Fr itk =4andn—k =4, T = Hyifk >4andn—k = 4,
T=Fifk>4andn —k = 3.
Ifk >4andn — k > 5, similarly we know 7" = H3 or T = F>. Since

z(F2) =3[k — Dz(Py—k-2) + 2(Pp—k-3)]1 + (k — Dz(Py—r-3) + 2(Pr—k—4)
=3k — Dz(Pr—k—2) + (k +2)2(Py——3) + 2(Pyr—k—4)

2(H3) = z(P3)[(k — D)z(Py—k—2) + 2(Py—k-3)] + 2(P2)z(Pu—r-2)
= 3(k — Dz(Pp—k—2) + 32(Py—k-3) + 22(Ppr—k—2),

then z(T>) —z(H3) = (k— 1)z(Py—k—3) + 2(Pr—k—4) —22(Pp—k—2) = 22(Pp—j—3) —

7(Py—kx—2) > 0. So we have z(H3) < z(F>) which means T = Hj3. This completes
the proof. O
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