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Abstract The Merrifield-Simmons index of a graph is defined as the total number
of the independent sets of the graph and the Hosoya index of a graph is defined as
the total number of the matchings of the graph. In this paper, we order a kind of trees
with given number of pendent vertices with respect to Merrifield-Simmons indices
and Hosoya indices.
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1 Introduction

Let G be a graph on n vertices. Two vertices of G are said to be independent if they
are not adjacent in G. A k-independent set of G is a set of k mutually independent
vertices. Denote by i(G, k) the number of the k-independent sets of G. For conve-
nience, we regard the empty vertex set as an independent set. Then i(G, 0) = 1 for
any graph G. The Merrifield-Simmons index of G, denoted by i(G), is defined as
i(G) = ∑n

k = 0 i(G, k). Similarly, two edges of G are said to be independent if they
are not adjacent in G. A k-matching of G is a set of k mutually independent edges.
Denote by z(G, k) the number of the k-matchings of G. For convenience, we regard
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Fig. 1

the empty edge set as a matching. Then z(G, 0) = 1 for any graph G. The Hosoya

index of G, denoted by z(G), is defined as z(G) = ∑[ n
2 ]

k = 0 z(G, k).
The Merrifield-Simmons index was introduced in 1982 by Prodinger and Tichy

[18]. The Merrifield-Simmons index is one of the most popular topological indices in
chemistry, which was extensively studied in a monograph [16]. Now there have been
many papers studying the Merrifield-Simmons index (see [1,8,13–15,17,20,22–25]).
The Hosoya index of a graph was introduced by Hosoya in 1971 [11] and was applied
to correlations with boiling points, entropies, calculated bond orders, as well as for
coding of chemical structures [16,19]. Since then, many authors have investigated
the Hosoya index (e.g., see [3–10,12,15,19,23–25]). For n-vertex trees, it has been
shown that the path Pn has the minimal Merrifield-Simmons index and maximal Ho-
soya index, and the star Sn has the maximal Merrifield-Simmons index and minimal
Hosoya index (see [9,18]).

Let Tn,k be the set of all trees with n vertices and k pendent vertices. Recently,
Yu and Lv [21] showed that Pn,k (as shown in Fig.1) is the tree with maximal
Merrifield-Simmons indices and minimal Hosoya indices in Tn,k . In [20], Wang etc.
also characterized the trees with the first and second largest Merrifield-Simmons indi-
ces in Tn,k . In this article, we order two kinds of the trees in Tn,k with respect to
Merrifield-Simmons indices and Hosoya indices, respectively.

In order to state our results, we introduce some notation and terminology. Other
undefined notation may refer to [2]. If W ⊆ V (G), we denote by G − W the subgraph
of G obtained by deleting the vertices of W and the edges incident with them. Sim-
ilarly, if E ′ ⊆ E(G), we denote by G − E ′ the subgraph of G obtained by deleting
the edges of E ′. If W = {v} and E ′ = {xy}, we write G − v and G − xy instead of
G − {v} and G − {xy}, respectively. In the paper, we always denote by Pn the path on
n vertices and by [x] the largest integer no more than x .

2 Some Lemmas

According to the definitions of the Merrifield-Simmons index and Hosoya index, we
immediately get the following results.

Lemma 2.1 Let G be a graph and uv be an edge of G. Then

(1) i(G) = i(G − uv) − i(G − (NG[u] ∪ NG [v])),
(2) (see [9]) z(G) = z(G − uv) + z(G − {u, v}).
Lemma 2.2 (see [9]) Let v be a vertex of G. Then

(1) i(G) = i(G − v) + i(G − NG [v]),
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(2) z(G) = z(G − v) + ∑

u
z(G − {u, v}), where the summation extends over all

vertices adjacent to v.

In particular, when v is a pendent vertex of G and u is the unique vertex adjacent to
v, we have i(G) = i(G − v) + i(G − {u, v}) and z(G) = z(G − v) + z(G − {u, v}).
For example, if G ∼= Pn , we get i(Pn) = i(Pn−1) + i(Pn−2) and z(Pn) = z(Pn−1) +
z(Pn−2).

Lemma 2.3 (see [9]) If G1, G2, · · · , Gt are the components of a graph G, we have

(1) i(G) = ∏t
i=1 i(Gi ),

(2) z(G) = ∏t
i=1 z(Gi ).

Lemma 2.4 (see [13]) Let Al = i(Pl)i(Pn−l), then for 1 ≤ l ≤ [ n
2 ], A1 > A3 >

· · · > A[ n
2 ] > · · · > A4 > A2.

We proved a similar result of Lemma 2.4 for Hosoya indices.

Lemma 2.5 Let Bl = z(Pl)z(Pn−l), then for 1 ≤ l ≤ [ n
2 ], B1 < B3 < · · · < B[ n

2 ] <

· · · < B4 < B2.

Proof By Lemma 2.1(2), we have

Bl = z(Pl)z(Pn−l)

= z(Pn) − z(Pl−1)z(Pn−l−1)

= z(Pn) − [z(Pn−2) − z(Pl−2)z(Pn−l−2)]
= z(Pn) − z(Pn−2) + [z(Pn−4) − z(Pl−3)z(Pn−l−3)]
= z(Pn) − z(Pn−2) + z(Pn−4) + · · · + (−1)l−1z(Pn−(2l−2)) + (−1)l z(Pn−2l).

It is easy to see

Bl+1 − Bl = (−1)l+1z(Pn−2l−2),

Bl+2 − Bl = (−1)l+1z(Pn−2l−2) + (−1)l+2z(Pn−2l−4)

= (−1)l+1[z(Pn−2l−2) − z(Pn−2l−4)].

Then if l ≡ 0(mod2), for 2 ≤ l ≤ [ n
2

] − 1, Bl+1 − Bl < 0, and for 2 ≤ l ≤ [ n
2

] − 2,
Bl+2 − Bl < 0. If l ≡ 1(mod2), for 2 ≤ l ≤ [ n

2 ] − 1, Bl+1 − Bl > 0, and for 2 ≤ l ≤
[ n

2

] − 2, Bl+2 − Bl > 0. Therefore, B1 < B3 < · · · < B[ n
2

] < · · · < B4 < B2. ��
In [21], Yu and Lv defined two kinds of operations of T ∈ Tn,k and showed that these

two kinds of operations make the Merrifield-Simmons indices of the trees increase
strictly and the Hosoya indices of the trees decrease strictly. We first introduce the two
operations.

Let P = v0v1 . . . vk (k ≥ 1) be a path of a tree T . If dT (v0) ≥ 3, dT (vk) = 1 and
dT (vi ) = 2 (0 < i < k), we call P a pendant path of T with root v0 and particularly
when k = 1, we call P a pendant edge. For T ∈ Tn,k , let s(T ) be the number of
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Fig. 2

Fig. 3

vertices in T with degree more than 2 and p(T ) the number of pendent paths in T
with length more than 1.

If T �∼= Pn,k and p(T ) ≥ 1, then T can be seen as the tree as shown in Fig. 2, where
Ps (s ≥ 3) is the pendent path of T with s vertices and root u, T1 and T2 are two
subtrees of T with vertices v and u as roots, respectively, and T1, T2 �∼= P1. If T ′ is
obtained from T by replacing Ps with a pendent edge and replacing the edge uv with
a path Ps , we say that T ′ is obtained from T by Operation I (as shown in Fig. 2). It is
easy to see that T ′ ∈ Tn,k .

Lemma 2.6 ([21]) If T ′ is obtained from T by Operation I, then i(T ′) > i(T ) and
z(T ′) < z(T ).

If s(T ) ≥ 2 and p(T ) = 0, then we always can find two pendent vertices u1 and v1
of T such that d(u1, v1) = max{d(u, v) : u, v ∈ V (T )}. Let u1u, v1v ∈ E(T ), assume
NT (u) = {u1, u2, . . . , us, w} (s ≥ 2), NT (v) = {v1, v2, . . . , vt , w

′} (t ≥ 2), where
u1, u2, . . . , us, v1, v2, . . . , vt are pendent vertices of T . If T ′ = T −{vv2, . . . , vvt }+
{uv2, . . . , uvt } and T ′′ = T − {uu2, . . . , uus} + {vu2, . . . , vus}, we say that T ′ and
T ′′ are obtained from T by Operation II (see Fig. 3), respectively. It is easy to see that
T ′, T ′′ ∈ Tn,k .

Lemma 2.7 ([21]) If T ′ and T ′′ are obtained from T by Operation II, then

(1) either i(T ′) > i(T ) or i(T ′′) > i(T );
(2) either z(T ′) < z(T ) or z(T ′′) < z(T ).

3 Main results

Suppose Hl and Fm are the trees shown in Fig. 4. By symmetry, we may assume
l ≤ n − l − k + 1 and m ≤ k − m, which means we can assume 2 ≤ l ≤ [ n−k+1

2 ] and
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Fig. 4

2 ≤ m ≤ [ k
2

]
. For 3 ≤ k ≤ n − 2, we denote

Hn,k =
{

Hl | 2 ≤ l ≤
[

n − k + 1

2

]

− 1

}

and

Fn,k =
{

Fm | 2 ≤ m ≤
[

k

2

]}

.

Recall the definition of s(T ) and p(T ), it is easy to see that Pn,k is the unique tree
in Tn,k with s(T ) = 1, p(T ) = 1, Hn,k is the set of all trees in Tn,k with s(T ) = 1,
p(T ) = 2 and Fn,k is the set of all trees in Tn,k with s(T ) = 2, p(T ) = 0.

By Lemmas 2.6 and 2.7, we can prove the following result.

Lemma 3.1 Let T be a tree in Tn,k . If T �∈ {Pn,k} ∪ Hn,k ∪ Fn,k , there must be a tree
T ′ ∈ Hn,k ∪ Fn,k such that i(T ′) > i(T ) and z(T ′) < z(T ).

Proof If s(T ) ≥ 3, repeatedly using Operation I and II, we can get a tree T ′ from T
such that T ′ ∈ Fn,k , i(Pn,k) > i(T ′) > i(T ) and z(Pn,k) < z(T ′′) < z(T ).

If s(T ) = 1 and p(T ) > 2, repeatedly using Operation I, we can get a tree
T ′′ ∈ Hn,k such that i(Pn,k) > i(T ′) > i(T ) and z(Pn,k) < z(T ′) < z(T ).

If s(T ) = 2 and p(T ) ≥ 1, similarly we can get a tree T ′ ∈ Fn,k from T by
Operation I with i(Pn,k) > i(T ′) > i(T ), z(Pn,k) < z(T ′) < z(T ). This completes
the proof. ��

It has been known Pn,k has the largest Merrifield-Simmons index and least Hosoya
index in Tn,k . Now we focused on the trees in Hn,k ∪ Fn,k . We first order the trees in
Hn,k with respect to Merrifield-Simmons indices and Hosoya indices. In [13], Li and
Zhao give the following result.

Lemma 3.2 (see [13]) i(H3) > i(H5) > · · · > i
(

H[ n−k+1
2 ]

)
> · · · > i(H6) >

i(H4) > i(H2).

We order the trees in Hn,k with respect to Hosoya indices.

Lemma 3.3 z(H3) < z(H5) < · · · < z

(

H[
n−k+1

2

]

)

< · · · < z(H6) < z(H4) <

z(H2).
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Proof Denote n′ = n − k + 1, then

z(Hl) = z(Pl)[(k − 1)z(Pn′−l) + z(Pn′−l−1)] + z(Pl−1)z(Pn′−l)

= (k − 2)z(Pl)z(Pn′−l) + z(Pn′+1)

Let Bl = z(Pl)z(Pn′−l). Since k ≥ 3 and n′ = n − k + 1, z(Hi ) < z(Hj )

if and only if Bi < B j for any 2 ≤ i, j ≤ [ n−k+1
2 ]. By Lemma 2.5, we know

B3 < · · · < B[ n
2

] < · · · < B4 < B2. So z(H3) < z(H5) < · · · < z

(

H[
n−k+1

2

]

)

<

· · · < z(H6) < z(H4) < z(H2). ��
Then we order the trees in Fn,k with respect to Merrifield-Simmons indices and

Hosoya indices.

Lemma 3.4 i(F2) > i(F3) > · · · > i

(

F[
k
2

]

)

, and z(F2) < z(F3) < · · · z

(

F[
k
2

]

)

.

Proof Since 3 ≤ k ≤ n − 2, we know n − k ≥ 2. If n − k ≥ 4, by Lemmas 2.1, 2.2
and 2.3, we have

i(Fm) = 2m[2k−mi(Pn−k−2) + i(Pn−k−3)] + [2k−mi(Pn−k−3) + i(Pn−k−4)]
= 2ki(Pn−k−2) + i(Pn−k−4) + [2m + 2k−m]i(Pn−k−3)

z(Fm) = (m + 1)[(k − m + 1)z(Pn−k−2) + z(Pn−k−3)]
+(k − m + 1)z(Pn−k−3) + z(Pn−k−4)

= (m + 1)(k − m + 1)z(Pn−k−2) + (k + 2)z(Pn−k−3) + z(Pn−k−4)

If n − k = 2, similarly we have i(Fm) = 2k + [2m + 2k−m], z(Fm) = (m + 1)(k −
m + 1) + 1. And if n − k = 3, we have i(Fm) = 2k+1 + 1 + [2m + 2k−m], z(Fm) =
(m + 1)(k − m + 1) + k + 2.

Suppose f (m) = 2m +2k−m and g(m) = (m +1)(k −m +1), then from the above
we know that for 2 ≤ i, j ≤ [ k

2

]
,

i(Fi ) > i(Fj ) if and only if f (i) > f ( j),

and

z(Fi ) < z(Fj ) if and only if g(i) < g( j).

It is easy to see that f ′(m) = ln 2[2m − 2k−m] ≤ 0 since m ≤ [ k
2

]
and the equality

holds only if m = k
2 . So if m ≤ [ k

2

]
, then f (m) is a strictly decreasing function.

Thus i(F2) > i(F3) > · · · > i

(

F[
k
2

]

)

. Also we have g′(m) = k − 2m ≥ 0 and the

equality holds only if m = k
2 . So if m ≤ [ k

2

]
, g(m) is a strictly increasing function.

Thus z(F2) < z(F3) < · · · z

(

F[
k
2

]

)

. ��
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From Lemmas 3.2, 3.3 and 3.4, we can order the trees in Hn,k ∪ Fn,k by Merri-
field-Simmons indices and Hosoya indices, respectively.

Theorem 3.1 (1) If k ≥ 4 and n − k ≥ 5, then

i

(

F[
k
2

]

)

< · · · < i(F3) < i(F2) ≤ i(H2) < i(H4) < · · ·

< i

(

H[
n−k+1

2

]

)

< · · · < i(H5) < i(H3);

(2) If k ≥ 5 and n − k ≥ 5, then

z

(

F[
k
2

]

)

> · · · > z(F3) > z(F2) ≥ z(H2) > z(H4) > · · ·

z

(

H[
n−k+1

2

]

)

> · · · > z(H5) > z(H3);

(3) If k = 4 and n − k ≥ 7, then

z(H2) > z(F2) ≥ z(H4) > · · · z

(

H[
n−k+1

2

]

)

> · · · > z(H5) > z(H3).

Proof (1) By Lemmas 3.2 and 3.4, we only need to show that i(F2) < i(H2) if
k ≥ 4 and n − k ≥ 5. Since

i(H2) − i(F2) = 3 × 2k−2i(Pn−k−1) + 2i(Pn−k−2) − 4[2k−2i(Pn−k−2)

+ i(Pn−k−3)] − [2k−2i(Pn−k−3) + i(Pn−k−4)]
= (3 × 2k−2 − 4)i(Pn−k−3) − 2k−2i(Pn−k−1) + 2i(Pn−k−2)

− i(Pn−k−4)

= (2k−1 − 4)i(Pn−k−3) − 2k−2i(Pn−k−2) + 2i(Pn−k−2)

− i(Pn−k−4)

= (2k−2 − 4)i(Pn−k−3) − 2k−2i(Pn−k−4) + 2i(Pn−k−2)

−i(Pn−k−4)

= 2k−2i(Pn−k−5) − 4i(Pn−k−3) + 2i(Pn−k−2) − i(Pn−k−4)

= 2k−2i(Pn−k−5) − 2i(Pn−k−3) + i(Pn−k−4)

= (2k−2 − 1)i(Pn−k−5) − i(Pn−k−3)

= (2k−2 − 3)i(Pn−k−5) − i(Pn−k−6),

then if k ≥ 4 and n − k ≥ 5, i(F2) ≤ i(H2).
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(2) If k ≥ 5 and n − k ≥ 5,

z(F2) − z(H2) = 3 × (k − 1)z(Pn−k−2) + (k + 2)z(Pn−k−3) + z(Pn−k−4)

−2(k − 2)z(Pn−k−1) − z(Pn−k+2)

= 3kz(Pn−k−2)−3z(Pn−k−2) + (k + 2)z(Pn−k−3) + z(Pn−k−4)

−2kz(Pn−k−1)+4z(Pn−k−1)− [3z(Pn−k−1) + 2z(Pn−k−2)]
= 3kz(Pn−k−2)−3z(Pn−k−2) + (k + 2)z(Pn−k−3) + z(Pn−k−4)

−2kz(Pn−k−1) + z(Pn−k−1)− 2z(Pn−k−2)

= kz(Pn−k−1)− 4z(Pn−k−2) + 3z(Pn−k−3) + z(Pn−k−4)

− 2kz(Pn−k−3)

= kz(Pn−k−4) − 3z(Pn−k−4) − z(Pn−k−3)

= (k − 4)z(Pn−k−4) − z(Pn−k−5) ≥ 0.

Together with Lemmas 3.3 and 3.4, we can finish the proof.
(3) From the proof of (2), we know if k = 4 and n − k ≥ 7, z(H2) > z(F2). But

then

z(F2) − z(H4) = 9z(Pn−6) + 6z(Pn−7) + z(Pn−8) − 10z(Pn−7) − z(Pn−2)

= 5z(Pn−5) + 5z(Pn−6)−10z(Pn−7)−[3z(Pn−5) + 2z(Pn−6)]
= 2z(Pn−5) + 3z(Pn−6) − 10z(Pn−7)

= 5z(Pn−6) − 8z(Pn−7) = 5z(Pn−8) − 3z(Pn−7)

= 2z(Pn−8) − 3z(Pn−9) = 2z(Pn−10) − z(Pn−9) ≥ 0.

Together with Lemmas 3.3 and 3.4, we can finish the proof. ��
Recall the definition of Hn,k and Fn,k . It is easy to see that: if k = 3, Fn,k = ∅; if

n − k ≤ 2, Hn,k = ∅ ; if k = 3 and n − k = 2, Fn,k = Hn,k = ∅. Note that if T is
the tree with the second largest Merrifield-Simmons index or the second least Hosoya
index in Tn,k , then T ∈ Hn,k or Fn,k . So it follows that:

(1) if k = 3, T ∈ Hn,k ;
(2) if n − k ≤ 2, T ∈ Fn,k ;
(3) if k = 3 and n − k = 2, T does not exist.

Then by Lemma 3.1, we can get the following two results.

Corollary 3.1 Let T be the tree with the second largest Merrifield-Simmons index in
Tn,k (3 ≤ k ≤ n − 2), then

T ∼=
⎧
⎨

⎩

H3, i f n − k ≥ 5;
H2, i f k = 3 and 3 ≤ n − k ≤ 4 or k ≥ 4 and n − k = 4;
F2, i f k ≥ 4 and 2 ≤ n − k ≤ 3.

Proof By Lemma 3.2, if k = 3 and n − k ≥ 5, T ∼= H3; if k = 3 and 3 ≤ n − k ≤ 4,
T ∼= H2 (since Hl (l ≥ 3) does not exist if n − k ≤ 4).
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If k ≥ 4 and n − k = 2, then T ∼= F2 by Lemma 3.4. If k ≥ 4 and 3 ≤ n − k ≤ 4,
by Lemma 3.2 and 3.4, we know T ∼= H2 or T ∼= F2. Note that

i(F2) =
{

3 × 2k + 2k−1 + 9, if n − k = 4;
2k+1 + 2k−2 + 5, if n − k = 3.

i(H2) =
{

15 × 2k−2 + 6, if n − k = 4;
9 × 2k−2 + 4, if n − k = 3.

Thus we know T ∼= H2 if k ≥ 4 and n − k = 4; T ∼= F2 if k ≥ 4 and n − k = 3. If
k ≥ 4 and n − k ≥ 5, by Theorem 3.1, we know T ∼= H3. Proof is completed. ��
Corollary 3.2 Let T be the tree with the second least Hosoya index in Tn,k (3 ≤ k ≤
n − 2), then

T ∼=

⎧
⎪⎪⎨

⎪⎪⎩

H3, i f n − k ≥ 5;
H2, i f k = 3 and 3 ≤ n − k ≤ 4 or k > 4 and n − k = 4;
H2 or F2, i f k = 4 and n − k = 4;
F2, i f k > 4 and 2 ≤ n − k ≤ 3.

Proof By Lemma 3.3, we have if k = 3 and n − k ≥ 5, T ∼= H3; if k = 3 and
3 ≤ n − k ≤ 4, T ∼= H2.

If k ≥ 4 and n − k = 2, then T ∼= F2 by Lemma 3.4. If k ≥ 4 and 3 ≤ n − k ≤ 4,
by Lemmas 3.3 and 3.4, we know T ∼= H2 or T ∼= F2. Since

z(F2) =
{

7k − 3, if n − k = 4;
4k − 1, if n − k = 3.

z(H2) =
{

6k + 1, if n − k = 4;
4k, if n − k = 3.

Thus we know T ∼= H2 or F2 if k = 4 and n −k = 4; T ∼= H2 if k > 4 and n −k = 4;
T ∼= F2 if k ≥ 4 and n − k = 3.

If k ≥ 4 and n − k ≥ 5, similarly we know T ∼= H3 or T ∼= F2. Since

z(F2) = 3[(k − 1)z(Pn−k−2) + z(Pn−k−3)] + (k − 1)z(Pn−k−3) + z(Pn−k−4)

= 3(k − 1)z(Pn−k−2) + (k + 2)z(Pn−k−3) + z(Pn−k−4)

z(H3) = z(P3)[(k − 1)z(Pn−k−2) + z(Pn−k−3)] + z(P2)z(Pn−k−2)

= 3(k − 1)z(Pn−k−2) + 3z(Pn−k−3) + 2z(Pn−k−2),

then z(T2)− z(H3) = (k −1)z(Pn−k−3)+ z(Pn−k−4)−2z(Pn−k−2) ≥ 2z(Pn−k−3)−
z(Pn−k−2) > 0. So we have z(H3) < z(F2) which means T ∼= H3. This completes
the proof. ��
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